Skyrmions in condensed matter physics appear as classical topological spin structures. This nontrivial state can be obtained solving the corresponding micromagnetic model, where the magnetization is treated as a continuous classical vector field. Here, we introduce a new concept of quantum skyrmions of a nanoscale size. This distinct magnetic state can be formed in spin-1/2 low dimensional magnets characterized by a strong Dzyaloshinskii-Moriya interaction. This concept can also be applied to usual spin systems characterized by a nonzero exchange interaction if the quantum solution of the problem is accessible. To perform a complete characterization of such a quantum nanoskyrmion state, we analyze basis functions giving the largest contribution to the ground state at different values of external magnetic field and temperature. We observe that the quantum skyrmionic state is stabilized even when the corresponding classical skyrmionic solution has already undergone a phase transition towards the polarized ferromagnetic state.
The evident progress in the development of experimental techniques for the observation of magnetic skyrmions, topologically protected spin structures 1 , poses new challenges for theory and numerical simulations of ordered magnetic phases [2] [3] [4] [5] [6] [7] . Nowadays, skyrmions are mostly discussed in the context of spintronics, where these stable magnetic structures are proposed as bits in magnetic memory devices [8] [9] [10] . The need to store more and more information requires the development of ultradense memories. This motivates the investigation of skyrmions of the nanoscale size. The progress in this direction already made the experimental observation of skyrmions with the characteristic size of a few nanometers 11, 12 possible. Additionally, nanoskyrmions were theoretically predicted in frustrated magnets [13] [14] [15] , narrow band Mott insulators under high-frequency light irradiation 16 , and Heisenbergexchange-free systems 17 . On such small characteristic length scale compared to the lattice constant, quantum effects cannot be neglected. In this respect, the numerical study of classical spin models can no longer be considered as an exhaustive solution of the problem. This also concerns low-dimensional systems with small spin (e.g. S = 1/2) and itinerant magnetic systems with not very well localized magnetic moment, where quantum fluctuations play a crucial role.
The problem of the quantum description of skyrmions is rooted in the fact that in most of the cases these topological structures emerge as the result of magnetic frustration or competing magnetic interactions. This restricts the applicability of quantum Monte Carlo methods due to the sign problem 18 . On the other hand, a quantum skyrmionic problem necessarily requires a cluster solution, since the local magnetization of a skyrmion points in different directions at different lattice sites. Exact diagonalization (ED) based methods only allow for an accurate quantum description of small clusters. Standard approaches are limited to sizes around 30 sites in the case of spin-1/2 systems. Advanced ED techniques allow to reach 50 sites 19, 20 but require supercomputers. This is at least two orders of magnitude smaller than that required for the description of skyrmions in transition metal compounds.
The introduction of a quantum analog of the classical skyrmionic structure is also complicated by the fact that it is totally unclear how the quantum solution of the problem can be mapped onto a classical object in this particular case. This issue can simply be explained by the following example. It is widely known that the ground state of the classical Heisenberg model on a triangular plaquette with the antiferromagnetic (AFM) exchange interaction between neighboring sites is given by the so-called 120
• spin state. However, the latter cannot be restored from the solution of the quantum Heisenberg model. In this case the quantum ground state is degenerate due to the spin frustration. The same problem occurs when introducing the quantum skyrmion, because the existence of classical skyrmionic structures almost entirely relies on the presence of the frustration due to the Dzyaloshinskii-Moriya interaction (DMI) or other competing magnetic interactions.
One possible way to approach this problem is to force the quantum problem to behave as a classical one. In the theory of antiferromagnetism, this can be performed by applying a staggered field that selects the classical Néel state from the quantum solution of the problem. The same can be achieved with the use of the analog of the quantum Zeno effect 21, 22 by performing repeated local measurements 23 . Skyrmions are usually identified by the winding number, which implies the calculation of a three-particle observable. Hence, one has to continuously measure the local three-spin correlation function in order to make the quantum skyrmion behave like a classical object. Unfortunately, this can hardly be done in experiments.
On the other hand, the description of the skyrmionic problem can be done semiclassically assuming that the arXiv:1811.10823v1 [cond-mat.str-el] 27 Nov 2018 magnetization dynamics is dominated by classical magnetic excitations that emerge on top of the symmetrybroken ground state of the system (for details see Ref. 24 and references therein). Then, the winding number can be calculated using the triangulation of the spin lattice using the approach proposed by Berg and Lüscher in Ref. 25 . The latter is based on the calculation of the solid angles subtended by three neighbouring spins. Unfortunately, this idea cannot be successfully used in the purely quantum case due the to uncertainty principle, because for the calculation of the solid angle one has to know all three projections of spins simultaneously.
As a result, quantum effects in magnetic skyrmion models are normally taken into account by means of the Holstein-Primakoff transformation, which only allows to compute quantum corrections to the classical solution. This already led to interesting results reported in Ref. 26 . There, the authors demonstrated that quantum spin fluctuations of a noncollinear spin texture produce effective Casimir-like magnetic fields. However, none of the above methods can provide a complete quantum description of the specified problem.
Here, we report on the first attempt to introduce the concept of purely quantum skyrmions based on the exact numerical solution of the quantum problem. The idea follows from the example of the quantum ground state of the triangular plaquette given above. Although the AFM ordering on the triangular plaquette cannot be identified directly in the quantum ground state, it is nicely captured by the static spin structure factor whose intensity peaks exactly at the wave vector corresponding to the AFM ordering. Moreover, this holds not only for the symmetry-broken case, but in the paramagnetic phase as well. Here, the AFM intensity appears close to the magnetic instability at a finite energy proportional to the inverse of the order parameter 27 . Since the classical skyrmion can be seen as the superposition of enclosed spin spirals, the structure factor should reveal intensities at the momenta that are related to the period of these spirals. Therefore, the quantum skyrmion can be identified as a multiple-q state of a quantum system with a special distribution of intensities in the spin structure factor comparable to the classical skyrmionic case.
The exact solution of the quantum problem can be obtained only for a limited number of lattice sites as discussed above. Here, we explore the quantum skyrmionic problem using the quantum Heisenberg-exchange-free Hamiltonian introduced in Ref. 17
where the vector D ij lies perpendicularly to the bond between sites i and j, and describes the DzyaloshinskiiMoriya interaction. B is the external magnetic field that is assumed to be along z. Such a purely anisotropic form of the spin Hamiltonian leads to very compact topological excitations at the classical level. For instance, the off-site classical nanoskyrmion can be stabilized on a plaquette of 12 sites visualized in Fig. 1 (a) . Therefore, the corresponding spin-1/2 quantum problem (1) can be solved numerically exactly by means of the full diagonalization approach 28 . We show that the quantum skyrmion state can be fully described by analyzing the components of the eigenstates of Eq. 1. We identify the basis multi-spin functions of the quantum Hamiltonian that can be associated with the classical nanoskyrmion species obtained in Ref. 17 . Note that the rather exotic Heisenberg-exchange free model is considered here only for the sake of the exact quantum solution of the problem. The full quantum skyrmionic solution can also be obtained for a conventional spin Hamiltonian with nonzero exchange interaction. However, it will imply numerical simulations on much larger spin clusters.
Quantum nanoskyrmion -We start with the main result of our study, namely the demonstration that a quantum nanoskyrmion state is stabilized on the 12-site plaquette (Fig. 1) . Such a quantum nanoskyrmion appears as the ground state of the quantum DMI model Hamiltonian (1) at finite magnetic field. For instance, results shown in Fig. 1 are obtained for a magnetic field B = 0.25 |D|. Hereinafter, the energy is given in units of DMI (|D| = 1). As discussed in the introduction, the winding number cannot be calculated due to the uncertainty in the determination of the spin components. For this reason, we use the calculated longitudinal X and transverse X ⊥ spin structure factor in order to detect the skyrmionic state. They are given by the following expression
where N denotes the number of spins, and the real-space spin-spin correlation functions are defined as
where Z, n, and E n are the partition function, eigenfunction, and eigenvalue of the DMI Hamiltonian (1), respectively. From Fig. 1 it can be seen that the quantum system is characterized by a multispiral (multiple-q) state. Here, maximal intensities are located at q = 0 and q = (±q, ±q) with q = 0.56π. The intensity at q = 0 reflects the ferromagnetic ordering along the cluster (skyrmionic) boundary. In turn, excitations at q = (±q, ±q) correspond to two enclosed spin spirals that appear in the system. Such behaviour of the spin structure factor is a precise signature of the skyrmionic state emerging in the system, as discussed above. Our approach to detect the skyrmionic state is similar to the one that is normally used in experiments. For instance, spin-polarized scanning tunneling measurements 11 reveal surface areas with parallel or antiparallel magnetization to the tip magnetization. The Fourier transform of the magnetization texture is then used for the calculation of structure factors demonstrating multiple-q intensities.
Importantly, for all values of the magnetic field, the ground state energy of the quantum solution is much lower than that of the classical one. The latter is obtained by minimizing the classical spin Hamiltonian with respect to spin orientations. The corresponding energy difference (for the entire system) obtained for the magnetic field B = 0.25 is equal to ∆E = E qt − E cl = −0.98. This energy difference is related to quantum fluctuations and corresponds to the zero-point energy in the framework of the quantum spin-wave theory 26 . The same spinwave study has demonstrated another important consequence of quantum fluctuations, namely the partial compensation of the magnetic field effect and the extension of the skyrmionic area in the phase diagram. As we show
Magnetic field dependence of X (0, 0) (black curves) and X (q, q) (red curves) calculated at zero temperature for the quantum (solid curves) and the classical (dashed curves) problem. The highlighted region indicates the values of the magnetic field corresponding to the classical skyrmionic phase.
below, the exact quantum solution reveals an even more intriguing behaviour of the system showing the coexistence of ferromagnetic and skyrmionic states at magnetic fields larger than the critical one estimated from classical simulations. Remarkably, these two states are present in the system even at magnetic fields approaching twice the critical value.
The complete evolution of the skyrmionic state on the 12-site plaquette at different values of the magnetic field is visualized in Fig. 2 . At zero magnetic field and temperature, the position of intensities corresponds to a superposition of two spin spirals. As we show below, for each basis state contributing to the ground state, there exists another one with opposite magnetization. At the classical level the system chooses only one single-spiral configuration because the superposition of states is not allowed for the classical solution of the problem. The quantum solution obtained at B = 0.6 (Fig. 2) is characterized by non-zero intensities at q = (±q, ±q), which is an indication of the skyrmionic state formed in the system. By contrast, the classical solution obtained at the same magnetic field shows a purely ferromagnetic state with only non-zero intensity at q = 0.
To give a quantitative description of the transition between skyrmionic and ferromagnetic phases we obtain the values of the maximal intensities of the spin structure factor as a function of the magnetic field (Fig. 3) . A similar comparison has been performed in 29 showing a completely different behaviour of classical and quantum structure factors as a function of the applied magnetic field. Remarkably, in our case, the maximum values of both quantum and classical spin structure factor show almost the same dependence on the magnetic field up to B = 0.4. However, for larger magnetic fields the situation is completely different. The classical solution of the problem at magnetic fields larger than B = 0.4 reveals the ferromagnetic state, as shown by comparing the values of X (0, 0) and X (±q, ±q). The latter becomes much smaller than the first one and approaches zero at magnetic fields above the critical value. By con- trast, in the quantum case the spin structure factor X at the (±q, ±q) point does not go to zero for all considered values of the magnetic field. Based on this result, we arrive at the very important conclusion that there exists a non-zero probability to find the quantum system in the skyrmionic state even at large magnetic field up to B 0.7. Below, we explain this result by analyzing the components of the ground state wavefunction.
The solution of the DMI model with classical spins of length S = 1/2 by means of the total energy minimization with respect to the spin orientations at zero temperature reveals that the skyrmionic state is stabilized in the range of magnetic fields 0 < B ≤ 0.4 (Fig. 4 top) . Here, one can see that in the classical case the topological charge correlates with the value of the z-component of the central spin (magnetization) of the 12-site cluster. While Ŝ z is negative (the corresponding spin is antiparallel to the magnetic field), the topological charge is nonzero. Previously, a similar approach based on the analysis of the local magnetization was used in Refs. 30 and 31. By contrast, in the quantum case the negative magnetization of core spins on the plaquette cannot be used to detect the skyrmionic state in the system. From Fig. 4 (bottom) one can see that the critical magnetic field at which the magnetization of central spins becomes positive is B 0.5. At the same time, the spin structure factor demonstrates the multispiral state up to B 0.7. Remarkably, the calculated value of the magnetization for the quantum model is strongly suppressed (about 3 times) compared to the classical solution. This is another signature of quantum fluctuations contributing to the skyrmionic solution of this spin-1/2 system. A similar reduction of the magnetic moment due to quantum fluctuations was predicted in Ref. 26 . However, in our case the effect is more pronounced.
In contrast to the previous work 26 based on the quantum spin-wave theory focused on zero temperature, we have studied the temperature evolution of the proposed quantum nanoskyrmionic state. Fig. 5 shows the structure factors calculated at finite temperatures at B = 0.25. One can see that the maxima at q = 0 and q = (±q, ±q) can be observed even at T = 1, which means that the quantum nanoskyrmion is stable against temperature fluctuations. Below we provide a microscopic explanation of these temperature and magnetic field dependencies. For that we analyze the components of the ground state and of the first excited state.
Analysis of eigenstates -At zero magnetic field, the largest contributions to the ground and first excited states are The next step is to analyze the components of the ground state of the quantum system to probe the presence of topological order.
Our main focus is on the 15 basis states , , , , , , , , , , , , , , , where central spins on the plaquette are pointing down, and other spins are pointing up. These states can be divided into 4 groups with one, two, three, and four spins-down in the core of the plaquette, respectively. Basis states within one group are related to each other by a 90
• rotation around the z axis (C 4v symmetry). These quantum spin states of the system are most closely related to classical Monte Carlo solutions reported in Ref. 17 . For instance, the , , and states can be associated with the off-site, bond, and on-site skyrmions, respectively. The contribution of these basis states to the ground state wavefunction can be considered as the main indicator of the quantum nanoskyrmion state stabilized in the plaquette.
It follows from Fig. 6 (top) that the state gives the largest contribution to the ground state at magnetic field 0 < B < 0.4. At the same time, the contribution of the fully polarized state is negligibly small. The latter becomes important for B > 0.4. The contribution of the state provides the stability of the skyrmionic state at large fields B 0.7. The wavefunction corresponding to the first excited state (Fig. 6 bottom) is also characterized by a considerable contribution from skyrmion-like basis states. It follows from Fig. 6 that for B > 0.2 the and states have the largest probability. At the same time, the fully polarized basis function does not contribute to the first excited state.
The classical solution of the DMI model on small clusters presented in Ref. 17 has revealed that the off-site, bond, and on-site nanoskyrmions tend to stabilize at different values of the magnetic field. The off-site cluster requires the minimal value of the magnetic field for the stabilization of the skyrmionic phase characterized by a non-zero topological charge. At the same time, the onsite skyrmion is the most compact form. It can be found close to a fully polarized system. We observe a similar trend in the behaviour of basis functions and that we associate with off-site and on-site skyrmions. From Fig. 6 (top) one can see that and states give the largest contribution to the ground state at B = 0.37 and B = 0.7, respectively.
Conclusion -We have introduced and analyzed a distinct state of a spin system -a quantum nanoskyrmion. We find that the energy of the quantum nanoskyrmion is much smaller than that of its classical analog. Remarkably, we observe that there exists a non-zero probability to find the quantum system in the skyrmionic state even at large magnetic field, where the classical solution of the problem already gives a saturated ferromagnetic solution. We have identified the concrete basis states that are responsible for the formation of the quantum nanoskyrmion. Their relation to classical magnetic configurations is discussed.
